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ABSTRACT
When the Hough transform is applied to the detection
of straight lines in images, it provides only the parameters of the line but not the length or the end points of
the line. We propose a new algorithm for the determination of the length and the end points of a line in an
image. It is very efficient in terms of computing time
and does not depend on the sharpness of the peak in
the accumulator array.
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INTRODUCTION

Detection of patterns in images is an important o p
eration in machine vision tasks. The Hough transform
[I] is a powerful technique for the determination of parameterizable patterns in binary images. The advantages of the transform are its robustness to noise and
discontinuities in the patterns. Examples of parameterizable patterns are straight lines, circles, ellipses,
etc.
When the Hough transform is used to detect
straight lines represented by the p - 0 parameterization, it provides only the p and 0 parameters of the
straight lines. It fails to provide any information regarding the lengths or the end points of the lines. Since,
many machine vision tasks require the lengths and end
points of lines to accurately determine the location of
objects described by the lines, it is extremely important
to determine the length and end points of a line.
Six different algorithms [2, 3, 4, 5, 6, 71 have been
proposed in the literature for finding the length and end
points of a line from the Hough accumulator array. The
algorithms are either highly computation bound or are
not robust in detecting the end points. The algorithms
described in 12, 31 are based on the projections of the
line on the x or y axis. They suffer from the drawback
of a single line segment being interpreted as multiple
line segments. The algorithm described in [4 is based
on the concept of surface fitting and is pro ibitively
expensive in terms of computing power. The method
proposed in [5] can detect only the length of a line; it
can not detect the end points.
The algorithm described in [6] can detect the length
and the end points of a line, but the accuracy of the
detection is dependent on the accurate detection of the
line parameters. The algorithm described in (71 is also
based on the accurate determination of the peak and
hence suffers from the same drawback as in [6]. The
aim of this paper is to develop a robust algorithm to
detect the length and end points of lines. The algorithm
should be independent of the accuracy with which the
peak in the accumulator array can be determined.
The proposed algorithm has a time complexity of
O(1) which is the same as the complexity of the best
available algorithm [6]. Note that the time complexity
of the algorithms described in 121, [3], 141, and (51 are
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O(nfn, N), O(nf N), O(nfn,N N2) and O(1)
respectively. n,, n,, and N2 are the number of feature
points, the number of iterations and the size of the
accumulator array respectively [5]. The proposed algorithm difers from the previously published algorithms
in its reduced computational complexity and robustness in detecting the end points. Because of its low
computational complexity and high robustness, the algorithm is very suitable for implementation in real-time
machine vision tasks. Results show that the proposed
algorithm can detect the end points and the line length
very accurately.
The rest of the paper is organized as follows. Section 2 introduces the notations used in the proposed
algorithm which is described in Section 3. Results illustrating the accuracy of the algorithm in detecting
the length and end points are presented in Section 4,
followed by concluding remarks in Section 5.

2

NOTATIONS

A straight line, represented by the normal parameterization, is expressed as

where, p i s the length of the normal to the line and 0 is
the angle of the normal with the positive x-direction. A
cell a,,@in the accumulator array corresponds in the image plane to a bar-shaped window of infinite length, of
width Ap, making an angle 0 with the positive x-axis,
and a t a distance of p from the origin [8]. The cells a,,@,
in the accumulator array, therefore, correspond to a set
of parallel bars of width Ap and each making an angle
Bk with the positive x-axis in the image plane as shown
in Figure 2. The sets of cells in the different columns
of the accumulator array correspond to different sets of
parallel bars in the image plane.
The parameters of a line along with its length and
coordinates of the end points are sometimes referred
to a s the complete line segment descriptions. The following notations will be used in describing the proposed algorithm for finding the complete line segment
descriptions. To maintain consistency, we use the same
notations as in (61.
0,i,,

= Size of the accumulator array

A = { a i j , O < i ~ p , i Z e - 1 , O < j < O , i z e - l ) =Hough
accumulator array.

Prnin, Pmax, Omin, ernax= Minimum and maximum values of p and 0 axes of the accumulator array.
Ap, A0 = Resolution of the p and 0 axes of the accumulator.

bi,k

= The bar in the image plane corresponding to the
cell a,,k in the accumulator array.

Ck = k-th column in the accumulator array. The column consists of the cells a.,k.

Cp = The column in the accumulator array containing
the peak.
pa, 0, = Actual parameters of the line.

h , O p = Line parameters obtained from the coordinates of the peak in the accumulator array.
p,, 0, = Line parameters calculated from the end
points of the line by using the method proposed
in this paper.

p:, pf = Row indices corresponding to the first and last
non-zero cells respectively in Ck. The number of
cells between the first and the last non-zero cells
in Ck will be called the spread of votes in Ck.

nk = pIk - p j = The spread of votes in Ck.

Figure 1: Accumulator array A showing the cells
around the peak.

d,,, = q - r = Number of columns between C, and C,.

I, = Length of the line computed from the end points
obtained from the proposed algorithm.
c,, e, = Error in the x and y coordinates respectively

of the end points obtained from the proposed algorithm.
p:,

d; = Length of the normal to the bar (in the image

A

h4 Solution Region

plane) corresponding to the first and last non-zero
cells respectively in Ck.

3

PROPOSED METHOD

The number of non-zero cells in a,,@,(called the
spread in a,,@,)is equal to the number of parallel bars
(in the set corresponding to a,,@) intersected by the
line. The proposed algorithm is lased on a microanal-

ysis of the distribution of the votes around the peak in
the accumulator array.
In [6],the end points of a line were obtained by determining the intersecting points between the bar corresponding to the peak (in the accumulator array) and
the two bars corresponding to the cells p? and pf in
any column Ck. The accuracy of the detection therefore, depends on the choice of Ck, and the accuracy
with which the peak can be detected. An algorithm for
the choice of Ck has been described in [6]. However, an
accurate detection of the eak in the accumulator array is a non-trivial task [sf It has been shown 181 that
the peak in the accumulator array may spread due to
discretization of the image space and the accumulator
array. Due to the dependence of the algorithm, described in [6],on the accuracy with which the peak can
be detected, the end points obtained from the above
algorithm are not always reliable. In the algorithm
proposed in this paper, the 0 value of the peak (0,)
is only used to determine two columns, C, and C,, as
described below.
Consider two columns C, and C, whose cells correspond to the two sets of parallel bars having their
normals inclined at angles 0, and 0, respectively with
the positive x-axis. The lengths of the normals py, p;,

Figure 2: Illustration of parallel bars corresponding to
the cells in Ck.

Figure 3: Computation of the end points independent
of 0, for 0, > 45'.

p;, and pi (see Figure 3) to the bars corresponding to
the cells ~ 7p:,, p j , and /I: respectively are determined
from the accumulator array. The above lengths are the
lengths of the normals to the bars corresponding to the
first and last non-zero elements in C, and C,. These
normals can be expressed as

+ y1 sin 8,
= XI cos 8, + yl sin 8,
= x2 cos 8, + y2 sin 8,
= x2 cos 0, + y2sin 8,

py = xl cos 8,

(2)

p;

(3)

p:

(4)

p;
(5)
py, p4, pi, and pi can be expressed by the following
equations (see Figures 1 and 3).
P': = Pmin

+P ~ A P

+ PYAP
= Pmin + P ~ A P

P; = Pmin

(7)

P;

(8)

x1 =

py sin 8, - p; sin 8,
sin(8, - 8,)

=

p; cos 8, - py cos 8,
sin(& - 8,)

(11)

x2 =

p: sin 8, - p; sin 8,
sin(& - 0,)

(12)

p; cos 8, - p; cos 8,
=
sin(@,- 8,)

(13)

Y2

We define a thick line as one which has 8, # 45'.
Thick lines exhibit the phenomenon of a line being split
up into a number of smaller horizontal or vertical line
segments. The choice of C, and C, for the accurate
detection of the end points of a thick line are given in
detail in [6]. Once the end points of a line are determined from the above algorithm, the line length (1,) is
obtained from the end points by
1, = \/(x1 - ~ 2+ )(y1~- ~ 2 ) ~

(14)

and the normal parameters are obtained as

8. = arctan

(Y1-Y') - 90'
52

- XI

From Equations (17) and (18) it is seen that the errors
can be reduced by
increasing AO, thereby making 18, - 8,l large (Increasing A8 has the additional advantage of requiring less computational time to construct the
accumulator array.) and

(6)

(9)
P; = ~ m i n+ pLL;Ap
Since pmin and Ap are known, py, p;, p;, and p; in
Equations (6)-(9) can be calculated after p7, p;, pj,
and pi are obtained by scanning the columns Cq and
C, for the first and last non zero elements. The calculated values of py, p;, p;, and pi are then substituted
in Equations (2)-(5). Since 8, and 8, are known from
the choice of C, and C,, solution of Equations (2) and
(3) will give the coordinates (xl, yl) of one of the end
points. The other end point (22, y2) can be obtained
similarly by solving Equations (4) and (5). The coordinates obtained by solving the above two sets of
equations are as follows.

Yl

The mm'mum errors in the coordinates of the end
points depend on the area enclosed by the intersection
of the two bars (C, and C,) as shown by the shaded
parallelograms in Figure 3. The maximum errors in the
x and y-coordinates can be easily shown to be

(16)

choosing two columns C, and C, which are far
apart, i.e., Ig - T I is large.

4

RESULTS

Using the algorithm proposed in Section 3, the errors in the line length are shown in Figure 4 for different
values of Ap. A line with p, = 90 and 8, = 25' mas used
with A0 = 0.7087. The errors are lower than those obtained from the previous algorithm (61. The increased
accuracy is due to the proposed algorithm being independent of the accuracy of the line parameters.
Note that the errors decrease with an increase in
d,,,. This is expected since the area of the solution region (shaded parallelogram in Figure 3) decreases with
an increase in d,,, due to a reduction in the angle between the bars corresponding to the cells in C, and C,.
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Figure 4: Errors in the line length vs. d,, for a line
having pa = 90 and 8, = 25'.
The variation of the average errors in the length
and end points vs. d,. are shown in Figure 5 for different combinations of Ap and A8. The average errors
were obtained by applying the proposed algorithm to
a large number of lines with different values of p and
9 and taking the mean of the errors from the different
lines. Different combinations of Ap and A0 have been
used in the above figures to show the effectiveness of
the proposed algorithm for different values of Ap and
ne.
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Figure 5: Average errors in the line length and end
points vs. d,, for Ap = 0.9 and A0 = 1.0.
Figure 6 shows the error in the determination of
the line length as a function of Ap for d,,, = 10 and
three different values of AO (0.31, 0.47 and 1.0). It
is seen that the errors increase with an increase in Ap
and/or a decrease in AO. This is because the area of the
solution region increases with an increase in Ap and/or
a decrease in AO, and thus validates Equations (17)
and (18). The above observation further confirms the
validity of Equations (17) and (18).

5

CONCLUSIONS

The Hough transform, when applied to the detection of straight lines in images, provides only the parameters of the line. It fails to provide the length or
the end points of the line. In this paper, we have proposed an improved algorithm to detect the end points
and determine the line length. The proposed algorithm
is very robust against the failure of the standard Hough
transform to detect the parameters of the line due to
spreading of the peak in the accumulator array. It is
not computation intensive and has a time complexity
of O(1) which is the lowest among the algorithms reported in the literature.
Results show that the proposed algorithm can detect the length and the end points very accurately. The
proposed algorithm is non-iterative in nature and is
based on a micro-analysis of the spreading of the votes
in the accumulator array. This approach makes the
algorithm very robust when compared to previous algorithms, most of which analyze the image space to
obtain the line length and the end points.

Figure 6: Variation in average error in the line length
vs. Ap for different values of AO and d,,, = 10.
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