


Given five 3D points X;,ic1,2,3, it is possible to
calculate three invariants. This can be shown by
considering a basis BE; = X; — X,7¢1,2,3 in 3D
space as in Fig.1. Any 5th point can be expressed
as a linear combination of the basis vectors.

X4 =Xo+aE| + fEs + vE3 (1)

Figure 1: Afline Basis

The (o, 3,7) can be viewed as the invariant coor-
dinates of the point X4 in this basis. They are re-
lated to the 3D shape of the object under 3D afline
transformations. Due to the linear nature of weak
perspective projection, (o, f,7) will remain view-
point invariant under this transformation. Thus, we
can obtain the following equation for the projection
points in an image.

a
g — Up — €lu  €2u €34 A (2)
V4 — Vo €lv €3y €3y
i 4
where x¢ = (ug, vo)7 x4 = (uq,v4)" &; = (Ciuseiv)T

are the projected origin Xy, point X4, and basis
E;, respectively. This provides two equations with
three unknowns. The problem has become underde-
termined, so a single 2D image does not allow the re-
covery of the invariants. A second view with known
point correspondences to the first view will however
give an overdetermined set. of equations solvable by
standard least square minimization methods.

2.2 INVARIANTS BASED ON A
CONIC

If we can find a corresponding pair of conics that are
derived from a circle in 31, we can get Lwo invariants
for a point.

Given a circle with the center Xg in 3D space, we
consider the 3D points X; and X, on the circle that
are projected to a point on the major axis of the
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conic and that on the minor axis, respectively, as
shown in Fig.2. Then, we take the point Xg in such
a way that the line segment XyXg is perpendicular
to the circle plane and its length is the circle radius.
A point X4 can be expressed as a linear combination
of the basis vectors E; = X; — Xy. The relation is
represented by the following equation in the cylin-
drical coordinate system based on the circle.

Xs=Xp+rcoslE, +rsinlE, +zE;  (3)

Fignre 2: Conic Basis

The (r,0,z) are the coordinates of the point X4
in this basis. Under weak perspective projection, we
can get the following relation in a projected image.

u u e & € riccR
= 4 ; o
4 0 = Tu In Ju rsind
Vg — €1y €2 €3y "

(1)
where ug = (1o, v0)", 0y = {tiq,l’4)T are the pro-
jected points Xy, X4, and e, es,e3 are the projec-
tions of the vecotrs E;, Eq, Ej.

If we have a second view, we can calculate the
invariants. In this case, however, we can not de-
termine the projected points of X, and X5 in the
second image. Thus, we introduce X} and X} in-
stead of X and Xa. They are determined in the
second image as in the same way as for X; and X,
Then the point X can be given by

X4=Xg+rcosl'E| +rsinl'E, +:E3  (5)

where B} = X} - X,,E}, = X, = Xo.
In the second image, the following relation holds.

i’
reos(
' ' - ’ I
Uy — Uy = “tu C2u Cou sin 0’
= 1"sin
1:' _ ll" el t"‘ el
4 0 1w il A
F 4
(6)

The equations (1) and (6) provide us with four
equations with four unknowns. Thus We can recover
r and z as invariants.



2.3 INVARIANTS BASED ON A
CONIC AND A POINT

Il we can obtain a corresponding point pair in addi-
tion to a conic pair, we can get three invariants for
another point.

Suppose we have a 3D circle with the center X
and a 3D point X4 as shown in Fig.3. In addition
to the points considered in Section 2.2, we use the
following points. Let X5 be the intersection point
between the circle plane and the line passing through
the point X4 and perpendicular to the plane. We
rotate the point X5 by 90 degrees around the point
X, on the circle plane to determine the point Xs.
The points X5,Xs can be expressed by

Xs = Xg+rcoslE; +rsinfE,

= Xg+rcos0'E) +rsin0'E) (7)
Xs = Xg—rsinflE; 4 rcoslE,

= Xg—rsinl0'E} + rcosl0'E, (8)

Figure 3: Conic and Poinl Basis

We use these points Xg, X4, X5, X to set the ba-
sis. A point X7 can be expressed as a linear combi-
nation of E4,E5 Es.

X7 =Xo+ aEq + Es + vE; (9)

where E; = X; — Xj,1¢4, 5, 6.

We can obtain a matrix form for the first view.

REFEIIE

i |
Since a second view gives the same kind of equa-
tion, we can calculate three invariants (o, 3,7).

€6u
Chu

€au  C5u

Fay

(10)

Uy —
vy — U €5u
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3 OBJECT MODEL
ACQUISITION AND
RECOGNITION

We have developed an object recognition system
in which the above two conic-based invariant compu-
tation methods are properly used. The recognition
process consists of two stages: a candidate selection
stage and a verification stage. In the first stage, we
use Lhie invariants based on a conic because the pro-
cess needs Lo establish only one corresponding conic
pair. Object candidates are chosen from the model
base using the invariants. In the verification stage,
these candidates are verified by the invariants based
on a conic and a point because they represent com-
plete 3D relationships.

We have experimented the system using nine ob-
jects as shown in Fig.4. First, a collection of conics
and corner points are extracted from two images as
shown in Fig.6. Then, the correspondences between
features in the two images are hypothesized and the
invariants based on a conic are calculated. The can-
didate model with the most matching invariant is
selected in the model base. If there is no match-
ing model, a different basis will be tried. When the
candidate is found, it is verified whether or not the
features are found as predicted from the invariants
based on a conic and a point and the model data
as shown in Fig.7. Fig.8 shows the final recognition
result. The system can recognize the nine objects
correctly in 90 experiments. The time required is
about 20 seconds for feature extraction and 1 sec-
ond for recognition on a SPARCstationl0.

Figure 4: Test Objects



. MODEL7

(a) First Image (b) Second Image

Figure 8: Recognition Result
Figure 5: Multiple Views of the Object

4 CONCLUSION

We have proposed two methods of calculating

conic-based invariants. When we can find a cor-

responding pair of conics that are derived from a

~ circle in 3D, we can get two invariants for a point.
C/ Il we obtain a corresponding point pair in addition

)~ to the coni ir, we can get three invariants f
= O Lhe comc pair, we can get iree Imvarianis lor

\\/’ another point. We have developed an object recog-
_ nition system using these invariants, Experimental
e Semm— o results confirin the uselulness of the method.
(a) Edge Image (b) Conic Extraction
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