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Abstract  - A method f o r  q u a n t i t a t i v e  shape 
recovery of an ob jec t  from a s ing le  p i c t u r e  i s  
proposed i n  t h i s  paper. By introducing a 
3-dimensional dual space, four  bas ic  con- 
s t r a i n t s  between a polyhedron and i t s  c e n t r a l  
p ro jec t ion  image have been found. A procedure 
is  then given t o  recurs ive ly  obtain t h e  quanti- 
t a t i v e  descr ip t ions  of planar-surfaces of t h e  
polyhedron. A general  so lu t ion  form is a l s o  
es tab l i shed  t o  represent  t h e  polyhedrons which 
a r e  poss ib le  t o  generate  t h e  given pro jec t ion  
image. How t o  obtain a na tura l  so lu t ion  from 
t h e  general  so lu t ion  form by t h e  use of gray 
l e v e l  information is  f i n a l l y  discussed. 

I. Introduct ion 

S t e m c o p i c  shape recovery has  been inves t i -  
gated q u i t e  extensively,  b u t  t h e r e  is  no t  much 
work on q u a n t i t a t i v e  shape recovery from a 
s i n g l e  view. The d i f f i c u l t  assoc ia ted  with 
this t a s k  is  t h a t  during t h e  process  of image 
formation, some s p a t i a l  information of an 
ob jec t  has  been l o s t .  In order  t o  recover t h e  
3-dimensional shape of t h e  o b j e c t ,  we must 
u t i l i z e  enough c o n s t r a i n t s  between t h e  ob jec t  
and i ts pro jec t ion  image. 

For t h e  case  of orthographic p ro jec t ion ,  
Mackworth [ I ]  discovered t h a t  t h e  g rad ien ts  of 
two planes of a polyhedron i n  g rad ien t  space 
should be on a l i n e  which is  perpendicular t o  
t h e  p ro jec t ion  l i n e  of t h e  common edge of those 
two planes.  Using t h i s  c o n s t r a i n t s ,  t h e  l ine-  
l abe l ing  t a s k  can be completed f o r a l i n e  draw- 
ing. Kanade [2] combined t h i s  c o n s t r a i n t  with 
sur face  cues such a s  para l le l i sm and skew sym- 
metry t o  perform q u a n t i t a t i v e  shape recovery i n  
g rad ien t  space. The grad ien ts  of v i s i b l e  
planar-surfaces of a polyhedron corresponding 
t o  a given l i n e  drawing have been obtained. 
However, t h e  c o n s t r a i n t s  in fe red  i n  g rad ien t  
space give only necessary condit ions f o r  a l i n e  
drawing c o r r e c t l y  represent ing a polyhedron, so  
t h e r e  is  no assurance t h a t  t h e  recovered shape 
forms a polyhedral scene ( see  [31 and [41 f o r  
example). 

In t h i s  paper, we introduce a 3-dimensional 
dual space ins tead  of t h e  g rad ien t  space, and 
f i n d  four  b a s i c  c o n s t r a i n t s  between a poly- 
hedron and i ts  c e n t r a l  p ro jec t ion  image. Based 
on these  c o n s t r a i n t s ,  a procedure can be con- 
s t r u c t e d  f o r  recurs ive ly  obtaining t h e  quanti- 
t a t i v e  descr ip t ions  of planar-surfaces of t h e  
polyhedron. A general  so lu t ion  form is  a l s o  
es tab l i shed  t o  represent  t h e  polyhedrons which 
a r e  poss ib le  t o  generate  t h e  given pro jec t ion  
image. F i n a l l y ,  we d i scuss  how t o  g e t  a na tura l  

so lu t ion  from t h e  general so lu t ion  form by t h e  
use of gray l e v e l  ~ n f o n n a t i o n .  

11. The dual space 
Let D be a l i n e  drawing represent ing the  

pro jec t ion  image of a polyhedron i n  3D Euclidean 
space R 3 .  A node v. on D corresponds t o  a 

vertex Vi on t h e  polyhdron. A l i n e  1. on D 

corresponds t o  an edge Li on t h e  polyhedron. 

And a region si on D corresponds t o  a planar- 

surface Si on the  polyhedron. In what follows, 

we adopt the  so-called non-accidentalassumption, 
so  t h a t  l i n e  drawing a s  shown i n  Fig. 1 i s  out  
of our considerat ion.  

Given a l i n e  drawing D, we take t h e  image 
plane a s  xy-plane. Let 0 be t h e  o r i g i n  on t h e  
plane,  and z-axis po in t  t o  the  view d i rec t ion .  
The view poin t  is  O1=(O,O,f), where f>O is  a 
camera parameter. Fig. 2 shows t h e  process  of 
image formation. 

Suppose t h a t  li is a l i n e  on D, l e t  [ l i l  

denote t h e  p ro jec t ion  plane which generates  1 . .  

I f  on xy-plane the  equation for  1 .  i s  pix+qiy 

+f=O, then i n  R3 t h e  equation f o r  [ l i l  i s  

p.x+q.y-z+f=O due t o  OV=(O,O,f) and li being 
1 1  

on [ l i l .  In t h i s  way, we can obtain t h e  equa- 

t i o n s  of a l l  p ro jec t ion  planes which generate 
t h e  l i n e  drawing D. 

A v i s i b l e  plane Si on t h e  polyhedron corre- 

sponding t o  D can be represented by a normal 
form equation p.x+q.y+d.z+f=O, 1 1 1  where pi, qi, 

and d .  a r e  parameters. A l l  parameter vectors  

of t h e  form (p.  q . , d . )  make up a new 3-dimen- 
1, 1 1 

s iona l  space, which is  c a l l e d  the  dual space 
and i s  denoted by D(f ) .  Since a plane Si i n  R3 

corresponds t o  a po in t  (pi!qi,di) i n  D ( f ) ,  so 

t h e  l a t t e r  i s  sometimes c a l l e d  (pi,qitdi)-p1ane. 

A s  mentioned above, every pro jec t ion  plane has  
t h e  form [ l i l=(pi ,qi , -1)  - Hence, it l i e s  on 

t h e  plane d=-1 i n  D(f)  . Let L be t h e  s e t  of 
p ro jec t ion  planes generat ing t h e  l i n e  drawing 
D, then L is a known s e t  of p o i n t s  i n  D ( f ) .  On 
t h e  o ther  hand, t h e  s e t  of v i s i b l e  planes on 
t h e  corresponding polyhedron is  an unknown s e t  
of p o i n t s  S i n  D ( f ) .  It is  easy t o  see t h a t  
t h e  q u a n t i t a t i v e  shape recovery of an ob jec t  
corresponding t o  the  l i n e  drawing D can be 
s t a t e d  a s  t h e  following problem in D(f) :  t o  
f i n d  ou t  t h e  unknown s e t  of p o i n t s  S from t h e  
known s e t  of p o i n t s  L. In  order  t o  solve this 
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problem, we need t o  descover some c o n s t r a i n t s  
between S and L, which is  the  major t ask  of 
Section 111. 

111. Basic c o n s t r a i n t s  

Suppose t h a t  s .  i s  a region on t h e  l i n e  

drawing D corresponding t o  a v i s i b l e  plane S 
i 

of t h e  polyhedrons. Let  1 .  be a boundary l i n e  
3 

of si and Vjl=(xl ,yl) ,  V .  = (x2 ,y2)  be t h e  end 
32 

p o i n t s  of l j  (see  Fig. 2 ) .  We can cons t ruc t  

four  planes i n  the  dual space D(f) a s  follows: 

Let I(1. ) be the  region bounded by these four 
planes And containing t h e  p o s i t i v e  p a r t  of 
d-axis. Obviously, (p ,q,d)  E I(1.) in space 
D(f) i f  and only i f  3 

(x2p+y2q+f (x2p+y2q-fd) SO 

Thus, we have 
Lemma 1. I f  1.  is  a boundary l i n e  of region 

1 
sit  and s is  the  project ion image of plane S 

i i 
i n  R3, then S . = ( p i , q i , d i ) e 1 ( 1 . )  i n  D ( f ) .  

3 
Now l e t  ~ ~ = { l ~  11 i s  a boundary l i n e  of 

region si l t  then a region 

can be obtained i n  space D ( f ) .  Since every 
I (1 . )  conta ins  t h e  p o s i t i v e  p a r t  of d-axis, 

I 
so C ( s i )  i s  no t  empty. From Lemma 1, we 

obtain: 
Constraint  1. I f  region si i s  t h e  projec- 

' 
t i o n  image of plane S. i n  R3, then SiEC (si) 

i n  t h e  dual space D(f)  . 
Constraint  1 means t h a t  t h e  shape and loca- 

t i o n  of a region si on t h e  l i n e  drawing D 

r e s t r i c t s  t h e  corresponding plane Si . Not 

every plane can generate  the  p ro jec t ion  image 
l i k e  s . There e x i s t  o ther  c o n s t r a i n t s  

between SiE S and [ I k ]  € L, which a r e  given 

i n  t h e  following. 

Cons t ra in t  2. I f  two planes Si and S 
j 

i n  R3 have a common edge 5, and t h e  projec- 

t i o n  image of $ is  lk (see Fig. 3) , then t h e  

p o i n t s  Si, S .  and I lk ]  i n  space D(f)  a r e  
co l inear  . 

Constraint  3 .  I f  is  an edge of plane 

Sit Lk2 is  an edge of plane S j r  and $1' $2 
a r e  coplanar i n  R3 ( see  Fig. 4) , then t h e  
p o i n t s  Sin S j ,  [ l k l l  and [lk21 a r e  coplanar 

i n  space D(f)  . 
I f  a plane S i n  R3 i s  occluded by a plane 

j  
S: ( a s  shown i n  Fig. 51, then t h e  common 
I 

boundary l i n e  lk of t h e  corresponding region s 
j 

and s .  i s  c a l l e d  an occlusion l i n e .  Let t h e  

end p o i n t s  of 1 be vkl=(xl,yl) and v 
k2 

= ( x 2 , y 2 ) .  Make two l i n e s  1': x p+y q+f=O and 
1 1  

1": x p+y q+f=O on t h e  plane d=-1 i n  space 2 2 
~ ( f ) .  Suppose t h a t  S.=(pi ,qi ,di) ,  then make 

two planes n '  and n" i n  space D(f)  such t h a t  
7': x'p+ylq+z'd+f=O passes  through Si a n d  t h e  

l i n e  1' , and n": x"p+y"q+zWd+f=0 passes  
through S .  and t h e  l i n e  1". Let J ( S i , l k )  

denote t h e  open region bounded by planes n '  , 
a" and d=-1, and containing t h e  or ig in .  A 
poin t  (p,q,d) € J (S i , lk )  i n  D(f )  i f  and only i f  

(x 'p+ylq+z 'd+f)  (d+l)  >0 and (x"p+y"q+zmd+f ) (d+l)  
>O. Thus we have 

Lemma 2. I f  a plane Si i n  R3 i s  occluded by 
J 

a plane Si, and t h e  occlusion l i n e  i s  lk a s  

shown i n  Fig. 5, then S . ~ J ( S . , ~ ~ )  i n  space 
I 

D ( f ) .  
Furthermore, i f  Vkl ( o r  VkZ) i s  on t h e  

plane S i n  R3, then S .  i s  on t h e  plane n '  (o r  
j  I 

a " )  i n  D(f )  ( see  Fig. 5 ) .  Espec ia l ly ,  when 
both Vkl and Vk2 a r e  on t h e  plane S i n  R3, 

j  
then S ,  must be on the  i n t e r s e c t i o n  l i n e  of n' 

3 
and n" i n  D(f )  . In t h i s  case ,  planes S and S i j 
a r e  i n t e r s e c t e d  a t  l i n e  $, and t h e  pro jec t ion  

image lk of Lk i s  no longer an occlusion l i n e .  

Hence, f o r  g e n e r a l i t y ,  l e t  Z(s i , lk )  be t h e  

closed region cons i s t ing  of J (S i , lk )  and i t s  

boundary. Then combining Lemma 1 and Lemma 2,  
we obtain: 

Cons t ra in t  4. Let  the  p ro jec t ion  image of 
an edge Lk of plane Si be lk. I f  lk i s  t h e  

common boundary l i n e  of regions si and s .  on 
I 

t h e  l i n e  drawing D ( see  Fig. 5 ) ,  then t h e  cor- 
responding S .  € ~ ( l ~ ) n : ( ~ ~ , l ~ )  i n  space D ( f ) .  

3 
Since region I ( l k )  con ta ins  t h e  p o s i t i v e  

- 
p a r t  of d-axis, and J(Si , lk)  con ta ins  the  

o r i g i n ,  so  t h a t  l(lk)f?:(s. ,lk) is  not  empty. 

In what fol lows,  we use E ( S . , l k )  t o  represen t  

it. 
Up t o  now, we have discovered four  con- 

s t r a i n t s  which r e f l e c t  t h e  r e l a t i o n s h i p  between 
t h e  known s e t  of p o i n t s  L and t h e  unknown s e t  
of p o i n t s  S i n  space D ( f ) .  One can r e f e r  t o  
[61 f o r  t h e  proofs  of t h e i r  correctness .  Using 
these  c o n s t r a i n t s ,  we can cons t ruc t  a procedure 
t o  ob ta in  t h e  elements of S, which quant i ta-  
t i v e l y  describe t h e  3-dimensional shape of an 
o b j e c t  corresponding t o  t h e  given l i n e  drawing. 

IV. The Procedure 

In t h i s  sec t ion ,  we u t i l i z e  four  bas ic  
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c o n s t r a i n t s  given above t o  cons t ruc t  a proce- 
dure f o r  t h e  so lu t ion  of unknown poin t  s e t  S i n  
space D ( f ) .  

The region C(Si) given by Constraint  1 i s  
used t o  determine t h e  i n i t i a l  condit ions.  Con- 
s t r a i n t s  2 and 3 a r e  used t o  e s t a b l i s h  t h e  fo l -  
lowing so lu t ion  ru les .  

Rule 1. I f  % E S ,  and in R3 t h e  planes % 
and S have a common edge Lkl; t h e  planes Sk 

i 
and S .  have a common edge 4t2, then in space 

3 

where P1 is a l i n e a r  operator  which makes one 
l i n e  passing through t h e  p o i n t s  Si and [ l k l l  , 
another l i n e  passing through t h e  p o i n t s  S j  and 
[ I k 2 ] ,  and then takes  t h e  in te rsec t ion  po in t  of 

them. 
Rule 2. I f  % E S ,  and i n  R3 t h e  planes % 

and S. have a common edge Lkl, besides,  t h e  

edge S2 of plane % and the  edge Lk3 of plane 

S . a r e  coplanar, then in space D(f ) , 
3 

where P2 is  a l i n e a r  operator  which makes a 
l i n e  passing through t h e  p o i n t s  Si and [ l k l l ,  

and a plane passing through t h e  p o i n t s  S 
j' 

[ l  1 and [ l  1 ,  and then takes  t h e  in te rsec-  
k2 k3 

t i o n  po in t  of them. 

Rule 3. I f  S ES, and i n  R3 t h e  plane % has k 
t h r e e  edges Lkl, L.,2 and Lk3, i n  which Lkl and 

t h e  edge Lk4 of plane sil a r e  coplanar; 
5 2  

and t h e  edge of plane Si2 a r e  coplanar; 

Lk3 and t h e  edge Lk6 of plane Si3 a r e  coplanar, 

then in space D ( f ) ,  

where P3 is  a l i n e a r  operator  which makes one 
plane passing through t h e  p o i n t s  Sil, [lkl] and 

[ 1  I ,  one plane passing through t h e  p o i n t s  k4 

Si2, [ Ik2]  and [lk51, and t h e  o ther  plane pas- 

s ing through t h e  p o i n t s  Si3, [ lk3]  and [ l k 6 ] ,  

and then taking t h e  i n t e r s e c t i o n  of them. 
Constraint  4 w i l l  be used t o  determine t h e  

s p a t i a l  r e l a t i o n s  between t h e  planes obtained. 
Now, we a r e  going t o  cons t ruc t  t h e  procedure. 

To make t h e  s tatements  more c l e a r ,  we explain 
some no ta t ions  f i r s t .  

r i s  a t e rnary  r e l a t i o n .  (sit lk, si) E r  

i f  and only i f  regions s and s have a comon 
i j 

boundary l i n e  lk on t h e  l i n e  drawing D. 

rl i s  a subset  of r. (sir lk, s .) E rl i f  
3 

and only i f  it belongs t o  r and two end p o i n t s  
of lk a r e  no t  t h e  "T" type nodes on t h e  l i n e  

r2 i s  a subset of r. (si , l  ,s .) € r2 i f  
k 3 

and only i f  it belongs t o  r ,  and 1 has  an end 
k 

po in t  of "T" type with s on the  upper s ide  
i 

(see Fig. 5 ) .  
R i s  a ternary r e l a t i o n .  (Si, 5 ,S .) E R1 1 3 

i f  and only i f  planes S and S .  a r e  in te r sec ted  
i 3 

a t  t h e  edge Lk. 
R2 i s  a ternary r e l a t i o n .  (Si,Lk,S .) E R2 

I 
i f  and only i f  plane S occludes S .  a t  t h e  edge i 
=k- 

3 

Obviously, the  ternary r e l a t i o n s  r ,  rl and 

r2 can be obtained d i r e c t l y  from the  given l i n e  

drawing, bu t  R and R can only be obtained by 
1 2 

t h e  execution of quant i t a t ive  shape recovery 
procedure. The procedure i s  a s  follows: 

Procedure 1. Quanti ta t ive shape recovery of 
an ob jec t  corresponding t o  a given l i n e  draw- 
ing D. 

Step 1. Se t  S=$, R =$ and R =I$ . 
1 2 

Se lec t  Si=(p ,qi,di) i n  space D(f)  such t h a t  
i 

( p i , q i , d i ) € C ( s . ) ,  and l e t  s = s U I S ~ ) .  

I f  (si,lj,sk) er,, take a po in t  (pk,qk,%) on 

t h e  l i n e  passing through t h e  p o i n t s  Si and [ I . ]  
3 

i n  D ( f ) ,  and such t h a t  (pk,qk,d,)EC(sk) .  

Then l e t  Sk=(pk,qk,%) and go t o  s t e p  3. 

s t e p  2. I f  S i , s .  E S, and (sk,lkl ,si) , (sk,  
3 

Ik2,sj)E rl ,  then l e t  %=P1(Si. [ l k l l ,  S [Ik2]  ) 
j '  

and go t o  s t e p  3. 
I f  S .  ,S. E S, and (%,lkl ,s5),  (%,lk2,st),  (st, 

1 3  
lk3,sj) € rl, then l e t  %=P 2 ( S . ,  1 [lkll  ,S [ I k 2 ] ,  

j '  
[lk31) and go t o  s t e p  3. 

If SilrSi2,Si3€ S, and (%,lkl,stl), ( S  tl''k2' 

( \ ~ ~ ~ ~ r ~ ~ ~ ) ,  (st2#1kpsi2) t ( s ~ # ~ ~ ~ # S ~ ~ ) ,  

(st381k6#si3) E rl, then l e t  Sk=P3 (sil, [ l k l l  , 
[Ik4]  1 Si2 # [Ik2]  t [Ik5] ,Si3, [ Ik3]  t [Ik6] ) and 90 

t o  se tep  3. 
Otherwise, s top.  

Step 3. Let  Sk be t h e  plane cur ren t ly  con- 

s idered.  Take ( s k , l .  , s . )  E r and SiE S. 
~f sk, [ I . ]  , si a r e  c a l i h a r  i n  space D ( f )  , then 

3 
l e t  (Sk,Lj,Si)E R1 and go t o  s t e p  4. 

I f  % E E ( S i , l  .) and ( s i , l j , s k ) E  r2 (or  r l )  , 
3 

then l e t  (Si, L % ) E  R2 and go t o  s tep  4. 
j '  

I f  S i E E ( % , l . )  and ( sk , l j , s i )E  r2 (or  r l ) .  
3 

then l e t  ( S k , ~  Si)€ R2 and go t o  s t e p  4. 
j' 

Otherwise, stop. 
Step 4. Let  S=S U{sk). I f  t h e  ca rd ina l  

number of S i s  equal t o  t h e  number of regions on 
t h e  l i n e  drawing D, then s top,  otherwise go t o  
s t e p  2. 

V. General solut ion form and the  use 
of gray l e v e l  information 

drawing D. In Section IV ,  we have completed t h e  quanti- 
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t a t i v e  shape recovery of a polyhedron corres-  f i r s t  f i v e  surfaces a r e  v i s i b l e ,  i . e .  s = { s ~ ,  

ponding t o  a given l i n e  drawing. It i s  des- . . - , S  1 .  A spec ia l  so lu t ion  obtained by above 
c r ibed  by a s e t  of p o i n t s  S i n  t h e  dual space metho8 i s  shown in Fig. 8. Af te r  t h a t ,  we can 
D ( f ) .  However, t h e  determination of S depends get the gray level images of the object in d i f -  
on four  parameters. The reason is  t h a t  i n  s t e p  f e r e n t  view d i r e c t i o n s  a r t i f i c i a l l y ,  and t h e  
1, the  i n i t i a l  po in t  S is  se lec ted  a r b i t r a r i l y  r e s u l t s  a r e  shown in ~ i ~ . g  . obviously, these 
within a region C(sl)  , land S2 i s  se lec ted  a r b i -  a r e  i n  accord with t h e  percept ion of h-n 
t r a r i l y  on a l i n e  passing through the  p o i n t s  S1 vis ion.  

and [l I a l ready known, so  t h e  former depends F ina l ly ,  one can r e f e r  t o  [61 f o r  an exten- 
k on three and the latter depends one s i v e  discussion about t h e  q u a n t i t a t i v e  shape 

parameter. I t  i s  not  surpr i sed  t h a t  Procedure recovery Of a polyhedra' scene* and the 

1 w i l l  g e t  d i f f e r e n t  so lu t ions  i f  the  i n i t i a l  approach f o r  handing e r r o r s  e x i s t e d  i n  a r e a l  

S1 and S a r e  se lec ted  d i f fe ren t ly .  This  phe- image. It is proved in L6] that the four 

nomenon Zreflects  the fact that a line drawing b a s i c  c o n s t r a i n t s  given i n  Section I V  a r e  t h e  

may correspond t o  many o b j e c t s  i n  R3. For necessary and s u f f i c i e n t  condit ions f o r  the  

example, two d i f f e r e n t  o b j e c t s  ABCDEFG and exis tance of a polyhedron corresponding t o  a 

A'B'C'DEFG shown i n  Fig. 6 w i l l  generate  t h e  given l i n e  drawing. 

same l i n e  drawing. In t h i s  sec t ion ,  we give a References 

general  so lu t ion  form t o  represent  t h e  polyhe- 1. A.K.Mackworth, A I ,  4(1973),  121-137. 

drons which a r e  poss ib le  t o  generate  a given 2. T.Kanade, A I ,  17(1981),  409-460. 

l i n e  drawing. 3. S.W.Draper, A I ,  17(1981),  461-508. 

Notice t h a t  the  s e t  of p o i n t s  S i n  space 4. K.Sugihara, A I ,  23 (19841, 59-95. 

D(f)  a r e  determined by t h e  opera tors  P 5. K.Sugihara, PAMI, 6(1984),  578-586. 
l r  P2 6. Xiang-Shu Wei, Ph.D.Thesis, Peking Univ.1987 

and P3 based on some co l inear  o r  coplanar r e l a -  
t i o n s .  In order  t o  ob ta in  t h e  general  solu- 
t i o n  form, we consider  a transformation denoted 
by T i n  space D(f)  such t h a t  t h e  following con- 

. -- 
d i t i o n s  a r e  s a t i s f i e d :  - - -__  

1. T preserves t h e  c o l i n e a r  and coplanar 
r e l a t i o n s  between t h e  p o i n t s  of L and S. F i g .  1 F i g . 2  

2. T keeps the  p o i n t s  of L unchanged. 
Then a f t e r  t ransformation,  t h e  output  of S i s  
still  a so lu t ion  of t h e  q u a n t i t a t i v e  shape 
recovery problem f o r  t h e  given l i n e  drawing. 

From condit ion 1 above, it i s  easy t o  see  
t h a t  T is a homogeneous l i n e a r  transformation. 

And condit ion 2 shows t h a t  an invar ian t  sub- F i g . 4  

space e x i s t s .  Now, we augment D(f )  t o  a homo- 
geneous space such t h a t  a po in t  (p,q,d) i n  D(f) 
corresponds t o  a p o i n t  (p ,q ,d+l , f )  in it. Let  
s = { s ~  1 si= (pi ,qi ,di) , i=1,2, .  - - ,m) be t h e  

i n i t i a l  so lu t ion  obtained by Procedure 1, and 
t h e  corresponding p o i n t  s e t  i n  t h e  augmented 
space be { sia 1 sia= (Pi ,qi , di+l , f )  , i=1 ,2 ,  - - - , m l  , F i g . 6  

then t h e  transformation T can be wr i t t en  a s  

, i=1,2;--m It can be proved t h a t  TS' 

i n  usual g ives  t h e  general  so lu t ions  t o  t h e  
q u a n t i t a t i v e  shape recovery problem of a l i n e  
drawing, where X I ,  X 2 ,  X3 and X 4  a r e  para- 

meters t o  be determined. 
In order  t o  determine these parameters, it 

is needed t o  u t i l i z e  some addi t iona l  informa- 
t i o n .  One of them i s  t h e  use of gray l e v e l  
information whenever t h e  l i n e  drawing i s  
obtained from a gray l e v e l  image. Please r e f e r  
t o  161 f o r  t h e  d e t a i l e d  formulas. 

For example, Fig. 7 i s  a p i c t u r e  of a poly- 
hedron taked under a n a t u r a l  i l luminat ion.  
C o n s i d e r  t h e  l i n e  drawing ex t rac ted  from Fig. 
7. By executing Procedure 1, an i n i t i a l  solu- 
t i o n  can be obtained a s  S 1 , - - - ,  S8, where t h e  




